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Abstract. In the present work, we have found that the phenomenological Tsallis distribution (which nowa-
days is largely used to describe the transverse momentum distributions of hadrons measured in pp collisions
at high energies) is consistent with the basis of the statistical mechanics if it belongs to the q-dual nonex-
tensive statistics instead of the Tsallis one. We have defined the q-dual statistics based on the q-dual
entropy which was obtained from the Tsallis entropy under the multiplicative transformation of the en-
tropic parameter q → 1/q. We have found that the phenomenological Tsallis distribution is equivalent
to the transverse momentum distribution of the q-dual statistics in the zeroth term approximation. Since
the q-dual statistics is properly defined, it provides a correct link between the phenomenological Tsallis
distribution and the second law of thermodynamics.
PACS. 13.85.-t Hadron-induced high- and super-high-energy interactions – 13.85.Hd Inelastic scattering:
many-particle final states – 24.60.-k Statistical theory and fluctuations
Now, the phenomenological single-particle Tsallis dis-
tribution [1,2] is used for the description of the experi-
mental data on the transverse momentum distributions of
hadrons created in the proton-proton and heavy-ion colli-
sions at RHIC and LHC energies [3,4,5,6,7,8,9,10,11,12,
13,14]. The phenomenological Tsallis transverse momen-
tum distribution for the Maxwell-Boltzmann statistics of
particles introduced in Refs. [1,2] has the form
d2N
dpT dy
=
gV
(2pi)2
pTmT cosh y
×
[
1− (1− q)
mT cosh y − µ
T
] q
1−q
, (1)
where mT is the transverse mass of particles. Initially, the
phenomenological Tsallis transverse momentum distribu-
tion was proposed in another format (see Refs. [15,16])
1
σ
dσ
dpT
= cpT
∞∫
0
dpL
[
1− (1− q)
√
p2L +m
2
T
T
] q
1−q
, (2)
where pL is the longitudinal momentum. However, further
we will discuss only the function (1) as it is widely used
in high-energy physics.
In high-energy physics, the phenomenological trans-
verse momentum distribution (1) is associated with the
Tsallis statistics based on the Tsallis entropy [17]
S =
∑
i
pqi − pi
1− q
,
∑
i
pi = 1, (3)
where pi is the probability of the i-th microscopic state of
the system and q ∈ R is a real parameter taking values
0 < q <∞.
In spite of the success of the function (1) in the ap-
plications its connection with the basis of the statistical
mechanics is still under the question. The phenomenolog-
ical single-particle Tsallis distribution (1) was obtained
using the method of the maximization of generalized en-
tropy of the ideal gas instead of the general Tsallis entropy
(3). This method is correct only for the usual Boltzmann-
Gibbs statistics, but for the Tsallis statistics it is un-
der the question [18]. Nevertheless, the correct connec-
tion of the distribution function (1) with the Tsallis en-
tropy (3) was established in Ref. [18]. In that paper, it
was rigorously demonstrated that the phenomenological
transverse momentum distribution (1) corresponds to the
zeroth term approximation of the Tsallis-2 statistics. In
the case of massive particles, this result was confirmed
in Ref. [19]. However, the Tsallis-2 statistics is improp-
erly defined as the generalized expectation values of the
thermodynamic quantities, 〈A〉 =
∑
i p
q
iAi, in this for-
malism are not consistent with probability normalization
condition,
∑
i pi = 1 (see Ref. [20]). This means that the
Tsallis-2 statistics disagrees with the probability theory
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and the second law of thermodynamics. Thus considering
the phenomenological transverse momentum distribution
(1) as a single-particle distribution function of the Tsallis
statistics based on the Tsallis entropy (3) is a serious lack,
because in this case the distribution (1) is obtained on the
base of the erroneous general premises.
In the present study we demonstrate that this prob-
lem of connection of the phenomenological transverse mo-
mentum distribution (1) with the basis of the statistical
mechanics can be uniquely solved by introducing the new
nonextensive statistics on the base of the q-dual entropy
instead of the Tsallis entropy (3).
q-dual statistics. The q-dual entropy is obtained from
the Tsallis entropy (3) by the multiplicative transforma-
tion q → 1/q. Then, we have
S = q
∑
i
p
1/q
i − pi
q − 1
, (4)
where q ∈ R is a real parameter taking values 0 < q <∞.
In the Gibbs limit q → 1, the entropy (4) recovers the
Boltzmann-Gibbs-Shannon entropy, S = −
∑
i pi ln pi.
The statistical mechanics based on this entropy is de-
fined by Eq. (4) with the probabilities pi of the microstates
of the system normalized to unity
ϕ =
∑
i
pi − 1 = 0 (5)
and by the standard expectation values
〈A〉 =
∑
i
piAi. (6)
Here, the definition of the expectation values (6) is con-
sistent with probability normalization constraint (5). Let
us consider the grand canonical ensemble. The thermody-
namic potential Ω of the grand canonical ensemble is
Ω = 〈H〉 − TS − µ〈N〉
=
∑
i
pi

Ei − µNi − Tq p
1
q
−1
i − 1
q − 1

 , (7)
where 〈H〉 =
∑
i piEi is the mean energy of the system,
〈N〉 =
∑
i piNi is the mean number of particles of the
system, and Ei and Ni are the energy and the number of
particles, respectively, in the i-th microscopic state of the
system.
The unknown probabilities {pi} are obtained from the
second law of thermodynamics (the principle of maximum
entropy). In the grand canonical ensemble they are found
from the constrained local extrema of the thermodynamic
potential (7) by the method of the Lagrange multipliers
(see, for example, Refs. [21,22,23]):
Φ = Ω − λϕ, (8)
∂Φ
∂pi
= 0, (9)
where Φ is the Lagrange function and λ is an arbitrary
real constant. Substituting Eqs. (5) and (7) into Eqs. (8),
(9) and using Eq. (5) again, we obtain the normalized
equilibrium probabilities of the grand canonical ensemble
of the q-dual statistics as
pi =
[
1 + (1 − q)
Λ− Ei + µNi
T
] q
1−q
(10)
and ∑
i
[
1 + (1− q)
Λ− Ei + µNi
T
] q
1−q
= 1, (11)
where Λ ≡ λ − T and ∂Ei/∂pi = ∂Ni/∂pi = 0. In the
Gibbs limit q → 1, the probability pi = exp[(Λ − Ei +
µNi)/T ], where Λ = −T lnZ is the thermodynamic poten-
tial of grand canonical ensemble and Z =
∑
i exp[−(Ei −
µNi)/T ] is the partition function.
Substituting Eq. (10) into Eq. (6), we obtain the statis-
tical averages of the q-dual statistics in the grand canoni-
cal ensemble as
〈A〉 =
∑
i
Ai
[
1 + (1− q)
Λ− Ei + µNi
T
] q
1−q
, (12)
where the norm function Λ is the solution of Eq. (11).
Note that the quantities (10)–(12) of the q-dual statistics
exactly recover the corresponding quantities of the Tsallis-
1 statistics under the multiplicative transformation of the
entropic parameter q → 1/q (see Ref. [22]).
Let us rewrite the norm equation (11) and the statisti-
cal averages (12) in the integral representation in the case
when the parameter q > 1. Using the integral representa-
tion of the Gamma-function [24], we can rewrite the norm
equation (11) for q > 1 in the following form
1
Γ
(
q
q−1
) ∞∫
0
t
1
q−1 e
−t
[
1+(1−q)
Λ−ΩG(β
′)
T
]
dt = 1 (13)
or
∞∑
n=0
1
n!Γ
(
q
q−1
) ∞∫
0
t
1
q−1 e−t[1+(1−q)
Λ
T ]
(−β′ΩG (β
′))
n
dt = 1, (14)
where β′ = t(q − 1)/T and
ΩG (β
′) = −
1
β′
lnZG (β
′) , (15)
ZG (β
′) =
∑
i
e−β
′(Ei−µNi). (16)
The statistical averages (12) in the integral representation
for q > 1 can be rewritten as
〈A〉 =
1
Γ
(
q
q−1
) ∞∫
0
t
1
q−1 e
−t
[
1+(1−q)
Λ−ΩG(β
′)
T
]
〈A〉G (β
′) dt
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=
∞∑
n=0
1
n!Γ
(
q
q−1
) ∞∫
0
t
1
q−1 e−t[1+(1−q)
Λ
T ]
× (−β′ΩG (β
′))
n
〈A〉G (β
′) dt, (17)
where
〈A〉G (β
′) =
1
ZG (β′)
∑
i
Aie
−β′(Ei−µNi). (18)
Equation (17) links the statistical averages of the q-dual
statistics with the corresponding statistical averages (18)
of the Boltzmann-Gibbs statistics.
Transverse momentum distribution. Let us consider
the relativistic ideal gas with the Fermi-Dirac (η = 1),
Bose-Einstein (η = −1) and Maxwell-Boltzmann (η = 0)
statistics of particles in the grand canonical ensemble. The
transverse momentum distribution of particles is related
to the mean occupation numbers of the ideal gas as
d2N
dpTdy
=
V
(2pi)3
2pi∫
0
dϕpT εp
∑
σ
〈npσ〉, (19)
where εp = mT cosh y is the single-particle energy, pT
and y are the transverse momentum and rapidity vari-
ables, respectively, and mT =
√
p2T +m
2. The mean oc-
cupation numbers 〈npσ〉 are calculated from Eq. (17) us-
ing the mean occupation numbers of the ideal gas of the
Boltzmann-Gibbs statistics:
〈npσ〉G (β
′) =
1
eβ
′(εp−µ) + η
. (20)
Considering Eqs. (17), (19) and (20), we obtain
d2N
dpT dy
=
gV
(2pi)2
pTmT cosh y
∞∑
n=0
1
n!Γ
(
q
q−1
)
×
∞∫
0
t
1
q−1 e−t[1+(1−q)
Λ
T ] (−β
′ΩG (β
′))
n
eβ′(mT cosh y−µ) + η
dt,(21)
where
−β′ΩG (β
′) =
∑
p,σ
ln
[
1 + ηe−β
′(εp−µ)
] 1
η
(22)
is the thermodynamic potential for the relativistic ideal
gas of the Boltzmann-Gibbs statistics of microstates and
εp =
√
p2 +m2. The norm function Λ for η = −1, 0, 1 is
calculated from the norm equation (14) using Eq. (22).
Maxwell-Boltzmann statistics of particles. In the limit
η → 0, the thermodynamic potential of the ideal gas of
the Boltzmann-Gibbs statistics (22) can be written as
ΩG (β
′) = −
gV
2pi2
m2
β′2
eβ
′µK2 (β
′m) , (23)
where Kν(z) is the modified Bessel function of the sec-
ond kind. Substituting Eq. (23) into Eq. (14), we obtain
the norm equation for the Maxwell-Boltzmann statistics
of particles as
∞∑
n=0
ωn
n!
1
Γ
(
q
q−1
) ∞∫
0
t
1
q−1−ne−t[1+(1−q)
Λ+µn
T ]
(
K2
(
t(q − 1)m
T
))n
dt = 1, (24)
where
ω =
gV Tm2
2pi2
1
q − 1
. (25)
Substituting Eq. (23) into Eq. (21) and taking the limit
η = 0, we obtain the transverse momentum distribution
for the Maxwell-Boltzmann statistics of particles as
d2N
dpTdy
=
gV
(2pi)2
pTmT cosh y
∞∑
n=0
ωn
n!
1
Γ
(
q
q−1
)
×
∞∫
0
t
1
q−1−ne
−t
[
1+(1−q)
Λ−mT cosh y+µ(n+1)
T
]
×
(
K2
(
t(q − 1)m
T
))n
dt. (26)
Zeroth term approximation. Let us find the transverse
momentum distribution of particles in the zeroth term ap-
proximation, which was introduced in Ref. [18]. In this ap-
proximation we retain only the zeroth term (n = 0) in the
series expansion. Taking n = 0 in Eq. (14), we obtain that
the norm function Λ = 0. Substituting Λ = 0 into Eq. (21)
and considering only the zeroth term and the equation
1
ex + η
=
∞∑
k=0
(−η)ke−x(k+1), (27)
where |e−x| < 1, we obtain the transverse momentum dis-
tribution in the zeroth term approximation as
d2N
dpTdy
=
gV
(2pi)2
pTmT cosh y
×
∞∑
k=0
(−η)k
[
1− (k + 1)(1− q)
mT cosh y − µ
T
] q
1−q
for η = −1, 0, 1 (28)
or
d2N
dpTdy
=
gV
(2pi)2
pTmT cosh y
×
[
1− (1− q)
mT cosh y − µ
T
] q
1−q
for η = 0. (29)
The transverse momentum distribution (29) exactly coin-
cides with the phenomenological Tsallis distribution (1)
introduced in [1,2] (see Eq. (56) in Ref. [1]). Thus, the
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phenomenological Tsallis distribution (1) for the Maxwell-
Boltzmann statistics of particles exactly corresponds to
the zeroth term approximation of the q-dual nonextensive
statistics based on the entropy (4). Moreover, the trans-
verse momentum distribution (29) of the q-dual nonex-
tensive statistics recovers the transverse momentum dis-
tribution of the Tsallis-1 statistics in the zeroth term ap-
proximation under the transformation of the entropic pa-
rameter q → 1/q [18,19]. However, the phenomenological
Tsallis distributions for the quantum (Fermi-Dirac and
Bose-Einstein) statistics of particles introduced in Ref. [1]
do not recover the transverse momentum distributions in
the zeroth term approximation of both the q-dual nonex-
tensive statistics (cf. Eqs. (31) and (33) of Ref. [1] along
with Eq. (28) of the present paper) and the Tsallis statis-
tics [19].
To summarize, we have introduced the q-dual entropy
which is defined from the Tsallis entropy by the multi-
plicative transformation of the entropic parameter q →
1/q. The q-dual nonextensive statistics based on this sta-
tistical entropy and consistently defined expectation val-
ues of thermodynamic quantities was formulated in the
framework of the grand canonical ensemble. The ther-
modynamic potential was obtained from the fundamen-
tal thermodynamic potential by the Legendre transform.
The probabilities of microstates of the system were derived
from the second law of thermodynamics (the Jaynes max-
imum entropy principle) by the constrained local extrema
of the statistical thermodynamic potential. The norm equa-
tion and statistical averages were expressed analytically
in terms of the corresponding Boltzmann-Gibbs quanti-
ties using the integral representation and the exponential
function containing the thermodynamic potential was ex-
panded into the series. We have obtained the exact analyt-
ical formulae for the transverse momentum distributions
of the relativistic massive particles following the Bose-
Einstein, Fermi-Dirac and Maxwell-Boltzmann statistics
in the framework of q-dual statistics in the grand canoni-
cal ensemble.
In the present study, we have found that the phe-
nomenological Tsallis distribution for the Maxwell - Boltz-
mann statistics of particles introduced in Refs. [1,2] is
equivalent to the transverse momentum distribution of
the q-dual nonextensive statistics in the zeroth term ap-
proximation. This demonstrates that the correct link be-
tween the phenomenological Tsallis distribution and the
fundamental theory of the statistical mechanics is pro-
vided by the q-dual entropy instead of the Tsallis one. The
q-dual statistics is properly defined in comparison with
the Tsallis-2 statistics as the expectation values of this
formalism are consistent with probability normalization
condition. Thus we have found that the well-known phe-
nomenological single-particle Tsallis distribution is ther-
modynamically founded only if it belongs to the q-dual
nonextensive statistics instead of the Tsallis one.
This work was supported in part by the joint research projects
of JINR and IFIN-HH.
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